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 2 
Abstract 20 
Modeling volcanic phenomena is complicated by free-surfaces often supporting large rheological 21 
gradients. Analytical solutions and analogue models provide explanations for fundamental 22 
characteristics of lava flows. But more sophisticated models are needed, incorporating improved 23 
physics and rheology to capture realistic events. To advance our understanding of the flow 24 
dynamics of highly viscous lava in Peléean lava dome formation, axi-symmetrical Finite Element 25 
Method (FEM) models of generic endogenous dome growth have been developed. We use a 26 
novel technique, the level-set method, which tracks a moving interface, leaving the mesh 27 
unaltered. The model equations are formulated in an Eulerian framework. In this paper we test 28 
the quality of this technique in our numerical scheme by considering existing analytical and 29 
experimental models of lava dome growth which assume a constant Newtonian viscosity. We 30 
then compare our model against analytical solutions for real lava domes extruded on Soufrière, 31 
St. Vincent, W.I. in 1979 and Mount St. Helens, USA in October 1980 using an effective 32 
viscosity. The level-set method is found to be computationally light and robust enough to model 33 
the free-surface of a growing lava dome. Also, by modeling the extruded lava with a constant 34 
pressure head this naturally results in a drop in extrusion rate with increasing dome height, which 35 
can explain lava dome growth observables more appropriately than when using a fixed extrusion 36 
rate. From the modeling point of view, the level-set method will ultimately provide an 37 
opportunity to capture more of the physics while benefiting from the numerical robustness of 38 
regular grids. 39 
40 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 3 
1. Introduction 41 
Lava domes are steep-sided mounds of lava formed from slowly extruded silicic magma. They 42 
form during an eruption when the extruded lava is so viscous that it can’t flow freely away from 43 
the vent and a lava dome may consist of one or more individual lava lobes. Their propensity to 44 
collapse in a hazardous manner [Voight, 2000] makes them of concern to the surrounding area. 45 
Progress still needs to be made to enable us to learn more about the mechanics of growing lava 46 
domes despite recent advances in experimental [Griffiths and Fink, 1993] and theoretical 47 
modeling [Balmforth et al., 2001]. This requires the formulation of physically consistent models, 48 
the incorporation of experimental research to improve our understanding of the rheology as well 49 
as the development of more effective numerical techniques for the simulation of realistic events. 50 
This paper focuses upon this last point. 51 
 52 
What makes modeling lava domes/flows so complicated is that they can take numerous growth 53 
styles and display a range of morphological features that partly reflect the highly variable nature 54 
of the lava rheology, the shape of the surrounding ground and the earlier erupted lava masses. 55 
Lava domes generally spread laterally and inflate vertically via the addition of new lava within 56 
the body of the dome representing a thermo-mechanical continuum in their early stages of 57 
growth, which is known as endogenous dome growth. However, this regime is often interrupted 58 
via the formation of an internal discontinuity (a fault or shear band) which results in lava being 59 
extruded directly to the free surface, a regime known as exogenous growth. The models discussed 60 
here focus upon endogenous dome growth, being the simplest growth form, most frequently 61 
modeled and best understood to date. 62 
 63 
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Current models provide us with qualitatively consistent observations as well as providing some 64 
quantitative insight into the eruption dynamics. Advances into the material rheology of lava have 65 
lead to Melnik and Sparks [1999] demonstrating that multiple steady state solutions can exist for 66 
fixed system parameters for conduit flows related to dome extrusion rates. This is attributed to 67 
relative time scales of magma ascent and crystallization induced by gas exsolution [Melnik and 68 
Sparks, 2005]. Unfortunately these models do not allow the simulation of free-surfaces. Iverson 69 
[1990] recognition of the importance of a chilled carapace or skin with different properties to 70 
those of the interior of the dome led to this feature being incorporated into analytical models. 71 
Modeling the free surface of a lava flow is of primary importance because it’s where the largest 72 
rheological changes occur, but previous numerical work has shown this to be a challenging 73 
enterprise [Hale and Wadge, 2003]. In this paper we present a novel technique to model simple 74 
endogenous lava dome growth by tracing the free-surface without altering the model space/mesh. 75 
In this way the benefits of a regular (e.g. rectangular) mesh are retained yet domain boundaries 76 
can be accounted for in a relatively non-diffusive way [Sussman et al., 1994]. Previous FEM 77 
volcanological models based on an arbitrary Lagrangian-Eulerian scheme have required mesh 78 
updates and frequent re-meshing (due to element distortion) which is time-consuming and results 79 
in a loss of accuracy because of the need to interpolate data between the integration points of the 80 
integration scheme [Hale and Wadge, 2003]. Re-meshing can also result in a loss of information 81 
due to the difficulty of extracting information and re-entering this information into a different 82 
model domain. Time-dependent processes can easily be modeled using the level-set method due 83 
to the retention of information within the model domain. History dependence in the model will 84 
allow for consideration of out-of-equilibrium processes such as crystal growth which opens up 85 
new and advanced modeling opportunities.  86 
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 87 
In this paper we test the capability of the level-set method against existing analytical and 88 
experimental models of lava dome growth which assume a constant Newtonian viscosity. This 89 
necessary simplification makes the calculations tractable for comparison to existing models. 90 
Using a Newtonian viscosity also enables us to understand the fundamental first-order processes 91 
associated with simple dome growth before attempting more complex rheological effects. This 92 
issue is discussed further at the beginning of the next section. We discuss the computational 93 
technique used in the model and describe its parameterization. We compare our model to Huppert 94 
et al.’s [1982] analytical study and Buisson and Merle’s [2002, 2004] experimental research. We 95 
then use data from the lava domes emplaced on Soufriere, St. Vincent, W.I. in 1979 and Mount 96 
St. Helens, USA in October 1980, to model lava dome growth for a variable extrusion rate and 97 
for a constant pressure head using an effective viscosity for the lava. 98 
 99 
2. Model Development 100 
Our modeled lava dome grows onto a horizontal base fed by lava from a conduit at a mass flux 101 
rate Q, or constant pressure P. The lava is modeled as a Newtonian fluid with a constant viscosity 102 
in an axisymmetrical coordinate system. Real lava exhibits strong temperature dependence, 103 
which in connection with dome growth manifests itself by a thin, highly viscous (in fact: elasto-104 
visco-plastic) crust at the surface of the dome. To resolve this effect computationally would 105 
require dynamic re-meshing (mesh refinement) around the dome surface. The situation is not 106 
unlike the situation in mantle convection with temperature dependent viscosity. Dynamic re-107 
meshing is computationally expensive and we are currently working on an equivalent shell model 108 
attached to the level set function. Here a constant viscosity is assumed because the main purpose 109 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 6 
of this paper is to test the quality of the approximation of our numerical scheme (described 110 
below) against analytical and semi analytical solutions all of which assume a constant viscosity. 111 
 112 
The axisymmetrical model domain for the initial and a later time step are shown in Figure 1 with 113 
the domain rotated about r=0. The lower right part of the model domain is the surface of the 114 
volcano and here the velocity is set to zero, v = (0,0). The boundary condition at the conduit inlet, 115 
i.e. the path to the magma chamber, is described by a stress boundary condition in the 116 
form 0Pzz (constant pressure head) as shown in Figure 1 with zero shear stress; alternatively 117 
we assume a parabolic velocity distribution ))/(1( 20 arvvz , where a is the conduit radius 118 
(see Figure 1). The corresponding extrusion rate of dimension volume per unit time is obtained as 119 
0
2
2
1
vaQ . Both lava and the surrounding embedding-medium (“air”) are modeled as constant 120 
viscosity fluids and the volcano surface on which the lava dome spreads is assumed as rigid. The 121 
internal boundary conditions (stress traction and velocity continuity) at the lava/embedding-122 
medium interface are automatically satisfied since the domain occupied by the embedding 123 
medium is part of the model. Zero stress tractions are assumed at z=H and at r=R for z>h. As in 124 
the papers by Huppert et al. [1982] and Buisson and Merle [2002, 2004] temperature effects are 125 
not considered in this paper. The influence of heat flow in the surrounding embedding-medium 126 
and volcano surface as well as the effect of the volcano surface deformation on the dome 127 
morphology will be explored in a forthcoming paper. After each velocity time-step the interface 128 
between the lava and the embedding-medium is advected into the model domain as shown for 129 
t=tn (Figure 1). A major advantage of this model over previous FEM models is that the lava 130 
dome can effectively be grown from nothing. Previous FEM lava dome models [Hale and 131 
Wadge, 2003] have required an initial free-surface condition for the lava dome surface which can 132 
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affect the final results, whilst this model only requires an initial height level of lava in the 133 
conduit. 134 
 135 
We define the Reynolds number as lavalavaVL /Re , where Vlava , and L are the density of the 136 
lava, characteristic velocity and characteristic length respectively. We define V either as 137 
)/( 2aQV  if Q is given or as the average velocity of a Hagen-Poiseulle flow in the conduit 138 
with a pressure gradient of hP /0  for the constant pressure head boundary condition model. In 139 
the latter case we obtain )8/( 02 PhaV lava . Assuming L=h we obtain values for Re in the order 140 
10
-11
; hence inertia effects can be safely neglected. In other words, for the present problem the 141 
lava and the surrounding medium flow are governed by the axi-symmetric Stokes equations (see 142 
equation A4 in the Appendix). Beside the Newtonian constitutive relationship for the deviatoric 143 
stresses, we assume the following relationship for the pressure rates: 144 
 145 
vdivKp t,                                        (1) 146 
 147 
Where K   is the elastic bulk modulus of lava ( 1) or embedding medium ( 2 ) 148 
respectively at a given reference pressure and temperature, the index comma followed by the 149 
index t denotes the partial derivative with respect to time. The material time derivative of the 150 
pressure was replaced by the partial time derivative for simplicity and this approximation is 151 
admissible for weakly compressible media [e.g. Zienkiewicz & Taylor, 2000, p. 6&11]. During 152 
time integration of our model equations, the partial time derivative in (1) is replaced by the 153 
difference expression tpp ttt /)( . This method is sensitive to the choice of the initial 154 
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pressure. In the present study we assume an initial lithostatic pressure distribution in the conduit. 155 
The governing equations (A4) are non-dimensionalized using the length and time scales a  and 156 
Qha /2  (Figure 1), where Q is a measure for the flux at the base of the conduit. In the case of 157 
the prescribed flux boundary condition Q is given; for the constant pressure head boundary 158 
condition we define Q as lavahPaQ /
02 , this results in equations A7. By inspection of the 159 
coefficients in A7 we notice that the flow is effectively incompressible 160 
when 1)
~
/(2 tQhKa , where t
~
is the non-dimensional time increment. During the 161 
simulation the time increment is determined in each time step from a Courant condition 162 
[Zienkiewicz and Taylor, 2000, p. 42] assuming a Courant number of 0.3. For realistic values of 163 
K  and 0P  it turns out that )
~
/(2 tQhKa  is so large that we decided to replace 164 
)
~
/(2 tQhKa  by a constant penalty factor in conjunction with reduced order shape 165 
functions for the pressure to avoid numerical instabilities [Zienkiewicz and Taylor, 2000, Vol. 1]. 166 
 167 
2.1 Level-set method 168 
In computational volcanology, a jump in the fluid characteristics, viscosity and density, exists 169 
across the interface between the embedding-medium and the lava, and the evolution of the system 170 
strongly depends on the fluid-to-fluid interaction. Therefore, accurate calculation of the interface 171 
evolution is critical for the problem solution. Level set methods, introduced by Osher and Sethian 172 
[1988], are computational techniques for tracking moving interfaces. They rely on an implicit 173 
representation of the interface whose equation of motion is numerically approximated using 174 
schemes built from those for hyperbolic-conservation laws. Level set methods are particularly 175 
designed for problems in multiple dimensions in which the topology of the evolving interface 176 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 9 
changes during the course of events and for problems in which sharp corners and cusps are 177 
present. 178 
 179 
A scalar function  is initialized over the domain as a “signed” distance function with respect to 180 
the interface with a gradient of unity. The interface is represented as the zero level-set of this 181 
function. At each time step, once the velocity v is solved, the new  is calculated by solving the 182 
advection equation: 183 
 184 
0, vt      (2) 185 
 186 
Special care must be taken when solving the advection equation to avoid numerical diffusion. 187 
Various upwinding schemes exist to achieve this goal, such as the streamline upwind Petrov-188 
Galerkin (SUPG) formulation. The most efficient scheme found by the authors is the Taylor-189 
Galerkin formulation [Zienkiewicz and Taylor, 2000, p. 47]: 190 
vv
Δt
+vΔt=
2
+
2
    (3) 191 
 192 
The property of  being a distance function is not preserved in general during advection due to 193 
the variation in the viscosity field over the model domain. It has however been shown by 194 
Sussman et al. [1994], that it is critical that  remains a distance function in regions close to any 195 
interface, in order to obtain acceptable conservation of mass. Therefore, a reinitialization 196 
procedure is required. The following equation was introduced by Sussman et al. [1994]: 197 
 198 
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)1)(( 0, sign ,     (4) 199 
 200 
where τ is an artificial time. Solving the above equation to a steady state and using 0 , the 201 
solution will have the same zero level set as  and will be a real distance function )1( . 202 
This equation can also be written as: 203 
 204 
)(, signw  with  )(signw    (5) 205 
 206 
 207 
A Taylor Galerkin procedure is again used, the reinitialization consists in solving: 208 
 209 
ww
Δt
+wΔtsign=
2
+
2
)(    (6) 210 
 211 
In practice, there is no need to solve this equation to steady state over the entire domain as only 212 
the nodes closest to the interface are of interest for the method. Consequently, the stopping 213 
criterion for the reinitialization equation is considered only on a narrow band around the 214 
interface. The bandwidth is chosen equal to six times the size of an element. Moreover, the 215 
reinitialization only needs to be done only when  gets too distorted. In practice  is 216 
reinitialized every five time steps. To demonstrate the importance of reinitializing, Figure 2 217 
shows five isosurfaces of  around the zero level set after four hundreds time steps. It can be 218 
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clearly seen that without reinitialization  is no longer a smooth distance function. This 219 
introduces error on the calculation of the position of the interface later in the simulation.  220 
 221 
When the new distance function is found, the physical parameters are updated using, for a given 222 
parameter P: 223 
 224 
h
h
h
where
where
where
PP
h
PP
P
P
P
22
2112
2
1
    (7) 225 
 226 
where h  is the size of the elements in the mesh and  is a smoothing parameter. This has the 227 
effect of smoothing the physical parameters across the interface, on a band of width h2 . In this 228 
paper  is taken equal to 1. The smoothing procedure prevents numerical instabilities when 229 
solving the stress equilibrium. 230 
 231 
The algorithm can be summarized as follow: 232 
 233 
1. Initialize  as a signed distance function to the interface 234 
2. Update the parameters on the mesh 235 
3. Solve the stress equilibrium to get the velocity v 236 
4. Solve the advection equation using v to get the new  237 
5. Reinitialize  if necessary to get  238 
6. End of time step, repeat 2 to 5 239 
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 240 
Currently our models consider a difference in viscosity between the lava and embedding-medium 241 
of an order of magnitude, with the embedding medium having the lower viscosity. Models have 242 
been solved with a larger viscosity difference, up to three orders of magnitude, but they are 243 
numerically less stable. However it is observed that there is very little difference in the free-244 
surface shape for viscosity differences between the lava and embedding-medium greater than an 245 
order of magnitude over the time-scales we consider. For example, after 4000 time-steps (a 246 
model time period of 16 days) the difference in maximum height for a model with a viscosity 247 
contrast of one order or magnitude against a viscosity contrast of two orders of magnitude was 248 
less than the node spacing as used in our models. Because the model contains a compressibility 249 
term (the inverse of the bulk modulus) it is expected that the modeled lava will experience some 250 
degree of volume loss over time. It is found that this volume loss is small, an approximately 3% 251 
difference in the values obtained for the modeled volume against the theoretically calculated 252 
volume as shown in Figure 3. The initial height of the interface is set to be several elements 253 
below the surface of the volcano. This prevents the advected level-set zero values merging with 254 
the stationary level-set zero values within the surface domain (Figure 1). This results in a delay 255 
before the height of the lava in the shallow conduit reaches the surface of the volcano. 256 
 257 
3. Results 258 
Our computational model is tested against four case studies. First we consider the analytical 259 
study for a spreading Newtonian lava dome with a constant extrusion rate presented by Huppert 260 
et al. [1982]. Following this we consider experimental research by Buisson and Merle [2002, 261 
2004] for an understanding of the free-surface shape and the strain-rate field within the dome. We 262 
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then apply our model to the lava dome extruded on Soufrière St Vincent, W.I. in 1979 using the 263 
method presented by Huppert et al. [1982] and for a constant applied pressure-head. Finally we 264 
consider the lava dome extruded on Mount St. Helens, USA in October 1980. Both of these real 265 
lava domes are particularly suitable as test cases because they were both extruded approximately 266 
axisymmetrically suggesting endogenous growth, they grew on approximately flat unconstrained 267 
surfaces and most importantly data exists for their evolution over time. 268 
 269 
3.1 Comparison to Huppert et al.’s model 270 
Huppert et al. [1982] consider a theoretical treatment for a Newtonian fluid with constant 271 
kinematic viscosity  spreading on a horizontal surface. The Reynolds number, as for lava flows, 272 
is assumed to be small enough such that inertial effects can be neglected. They model the 273 
spreading fluid as a balance between the driving force from the hydrostatic pressure and the 274 
viscous retarding force and find that for a constant extrusion rate the maximum radial extent of 275 
the flow Nr  can be described by: 276 
 277 
2
18
1
3
3
715.0 t
gQ
rN                                                          (8) 278 
 279 
where g is the acceleration due to gravity, Q is a constant extrusion rate and t is time. To test the 280 
validity of this model Huppert et al. [1982] carried out a series of laboratory experiments using a 281 
Newtonian viscous fluid. Here we test our model results against their theoretical analysis. Table 1 282 
lists the conditions of each of our model runs with all runs using a density of 2400 kgm
-3
 and 283 
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Figures 4 and 5 show our results normalized by 
8
1
3
3
gQ
 against the theoretical result 284 
obtained by Huppert et al. [1982].  285 
 286 
Figures 4 and 5 show that our results follow the same trend as Huppert et al.’s [1982] theoretical 287 
curve at later times in the evolution of the dome, but in the early stages of dome growth there is 288 
an initial departure from this curve. There are several processes creating the departure from the 289 
theoretically predicted trend at early times in the dome evolution. First our calculated radius can 290 
not be smaller than the modeled conduit radius and thus an initial time at r=0 can not be assumed. 291 
In our model we use a finite conduit radius of 15 meters. Huppert et al.’s [1982] model assumes 292 
an infinitesimally small conduit and all the fluid enters the dome at r=0. This is unphysical and 293 
results in a singularity in their analysis at r=0. Therefore by modeling dome growth with a finite 294 
radius as in our model we can only apply Huppert et al.’s [1982] analysis when the lava dome 295 
has spread beyond the conduit radius. Secondly there is a short time-delay for the lava to move 296 
up the conduit in the model and to reach the conduit exit because the initial height level of the 297 
lava is modeled to be 5 meters below the conduit exit. Finally the extruding lava will have 298 
vertical momentum attained from the conduit inlet boundary condition which results in a central 299 
uplift area and initially limits lateral spreading. At later times in the dome growth, when the lava 300 
dome radius is much larger than the conduit radius, and the height of the dome has reached its 301 
asymptotic limit, these effects can be ignored and the dome radius grows as proportional to the 302 
square-root of time, as calculated by Huppert et al. [1982] following a mass conservation law. 303 
This initial departure in our modeled normalized radius from the theoretical solution derived by 304 
Huppert et al. [1982] is considered in more detail in section 4.2 after Buisson and Merle’s [2002, 305 
2004] research has been discussed. 306 
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 307 
Our models also allow the extraction of information regarding the height and free-surface of the 308 
lava dome over time and we will consider the lava dome structure in more detail in the next 309 
section.  310 
 311 
3.2 Lava dome structure 312 
Analogue models are often used in volcanological research to capture generic processes and 313 
surface morphology [Griffiths, 2000]. Unfortunately there is no single analogue model that can 314 
replicate all the known processes in lava and it is difficult to model a large parameter space. This 315 
is where computational models have the advantage. Here we compare our computational model 316 
of generic endogenous dome growth to experimental simulations of the strain field within 317 
analogue lava domes performed by Buisson and Merle’s [2002, 2004]. Their 2002 paper 318 
considers simple dome analogue models to investigate the internal stress and strain field 319 
evolution in an endogenous lava dome by modeling the lava as a very viscous fluid. For this they 320 
use silicon gel, which behaves in a Newtonian fashion over their time-scales considered. They 321 
inject the gel vertically from a reservoir into a feeding conduit and onto a rigid horizontal plane 322 
for three-dimensional models and our computational models replicate this experimental set-up. 323 
Whilst for two-dimensional models Buisson and Merle [2002] inject the silicon gel between two 324 
lubricated glass walls. The extrusion rate was kept constant for all their models and they also 325 
recorded information about the height, radius and free-surface.  326 
 327 
3.2.1. Analysis of Dome Flow Structure 328 
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Buisson and Merle’s [2002] two-dimensional glass confined models make it possible to observe 329 
the internal strain field by tracing particle paths or observing the deformation of a carbon grid 330 
imprinted onto the fluid. In vertical cross-section particle trajectories are observed to be parabolic 331 
and symmetric about the feeding conduit and they observe two types of particle path. Particles 332 
extruded from the lateral sides of the feeding conduit show an initial rising within the dome 333 
which subsequently becomes horizontal or even downwards as the particle moves towards the 334 
dome margin. Particles extruded from the central part of the feeding conduit exhibit initial strong 335 
vertical rising which is due to the injection force locally overcoming gravity. These competing 336 
effects split the dome into two flow domains: a central region of the dome experiencing uplift 337 
from the injection force and a region away from this which deforms purely due to gravity. This 338 
split in flow domains was also observed in our models and a cartoon of this effect is shown in 339 
Figure 6.  340 
 341 
To evaluate if our model captures the flow effects experienced in a real Newtonian fluid we 342 
extract the free surface information from our computational model. The free-surface profile in 343 
time for two model runs are shown in Figures 7a and b for half a lava dome rotated about where 344 
the radius equals zero. The modeled lava has a viscosity of 2x10
9 
Pa s and in Figure 7a the 345 
extrusion rate is 17.5m
3
s
-1
, whilst in Figure 7b it is 0.175m
3
s
-1
. The time-difference between each 346 
surface corresponds to approximately 100 minutes and 52 hours for Figures 7a and 7b 347 
respectively. The main difference between these model runs is the relative time for the lava to 348 
deform via gravity and vertical injection. Figure 7a shows that initially dome growth is 349 
predominantly vertical due to a high extrusion rate; however as the height growth-rate slows the 350 
lava spreads laterally. Due to the injection force the surface of the dome bulges in the centre and 351 
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becomes flatter towards the edges. This central region as well as bulging of the dome laterally, is 352 
more pronounced in Figure 7a than in 7b due to a higher extrusion rate. The free-surfaces in 353 
Figure 7b at the maximum radius are not smooth due to the visualization package used to 354 
visualize the model results, because the height of the lava flow is becoming close to the element 355 
spacing, 1 meter for this model. Our results appear to behave in a similar fashion to experimental 356 
models analyzed by Buisson and Merle [2002], that is once the lateral gravity-driven zone 357 
develops, the shape of the central zone (dominated by the injection force) does not evolve further.  358 
Buisson and Merle [2002] distinguish a juvenile and a mature dome growth stage with the dome 359 
becoming mature once this central region is surrounded by a growing gravity-dominated region. 360 
Unfortunately they do not include an image of their experimental model at different points in 361 
time for us to compare our computational model against. 362 
 363 
3.2.2 Analysis of Dome Height Evolution 364 
To analyze our results for the maximum height of a Newtonian lava dome, considering an 365 
injection dominated central region, we consider the dome height calculated by Buisson and Merle  366 
[2002] in one of their experimental models as well as Huppert et al.’s [1982] analytical model. 367 
Figure 8 shows a typical maximum height and radius evolution for one of our model runs in time 368 
(Run 4, Table 1). This result shows that the final height of the lava dome is rapidly achieved. The 369 
initial height level of the lava in the conduit was modeled to be 5 meters below the conduit exit 370 
(see Figure 1). Therefore, there is a short period of time for the lava to reach the conduit exit at 371 
h=0. While the lava dome height is increasing rapidly beyond h=0, the change in lava dome 372 
radius is approximately linear with time due to the dome being in it juvenile stage [Buisson and 373 
Merle 2002]. Once the increasing height of the lava dome slows and tends towards its asymptotic 374 
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limit the lava dome begins to spread predominantly laterally and the flow is then described by 375 
Huppert et al.’s [1982] theoretical model (Eqn. 8). The results are digitized in Figure 8 because 376 
the free-surface value is only being recorded at nodes in our model domain. However as the 377 
level-set function is a smooth and continuous function the free-surface of the lava dome also 378 
evolves smoothly. 379 
 380 
Manipulating equations offered in Huppert et al. [1982] shows that the height of the extrusion 381 
has time-dependence as given by equation 9, 382 
 383 
3
1
*thh ,                                                               (9) 384 
 385 
where is a coefficient and *h is a function of the extrusion rate and kinematic viscosity. This 386 
treatment suggests that the height should increase continuously with time, but our model runs 387 
show that the height asymptotically reaches its maximum value (Figure 8). That is, following the 388 
initially rapid growth in dome height the evolution of the dome is then predominantly laterally 389 
with height increasing only slightly. This is in agreement to experimental models considered by 390 
Buisson and Merle [2002, 2004] which show that in height against time experiments, for two-391 
dimensional slot experiments with lubricated walls, after a time the maximum height tends to an 392 
equilibrium position.  393 
 394 
The height of three of our model runs normalized by 
4
1
* 3
g
Q
h , as per Huppert et al.’s 395 
[1982] theoretical analysis, against time is shown in Figure 9 along with the theoretically 396 
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predicted result offered by Huppert et al. [1982] with 02.0*h . Figure 9 also shows the 397 
maximum dome height results from one of Buisson and Merle’s [2002] experiments normalized 398 
by 
4
1
* 3
g
Q
h , against time. Buisson and Merle’s [2002] model results show that the height 399 
of the dome does not evolve according to Huppert et al.’s [1982] relationship, instead they 400 
describe the maximum height evolution of the dome as asymptotic to an upper value. As for our 401 
model, the height of the dome only follows the relationship given by equation 9 for a small part 402 
of the evolution of the dome. Since Buisson and Merle’s [2002] model run, shown in Figure 9, 403 
lasted only 80 hours it is difficult to fully ascertain if their dome had almost reached an 404 
equilibrium height, but the available results (more clearly presented in their 2002 paper) suggest 405 
this is most likely the case. The discrepancy between our model results and Huppert et al.’s 406 
[1982] theoretical analysis for the height of an evolving lava dome is probably because they do 407 
not consider a central uplift region due to injection. Huppert et al.’s [1982] analytical treatment 408 
over-simplifies dome growth and potentially neglects some significant physics.  409 
 410 
Our results for the height evolution, Figures 8 and 9, can explain another cause for the departure 411 
from the theoretical predicted radius values offered by Huppert et al. [1982] analytical model in 412 
Figures 4 and 5 in the early stages of dome growth. For our lowest viscosity model (Run 5, 413 
η=5x109) in Figure 5 the modeled radius tends towards the theoretical trend given by Huppert et 414 
al. [1982] the most rapidly. This is because the model will begin to spread laterally the most 415 
rapidly due to a lower internal friction (viscosity) resulting in a smaller injection and gravity 416 
dominated central region. In contrast, in our highest viscosity model (Run6, η=5x1010, Figure 5) 417 
the radius tends towards Huppert et al.’s [1982] theoretical trend the most slowly. This is due to a 418 
larger internal friction meaning the initial growth of the lava dome is governed predominantly by 419 
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the injection force and therefore this model has a large central region with lateral spreading 420 
occurring more slowly. After a time it is observed that all our results in Figures 4 and 5 follow 421 
Huppert et al.’s [1982] theoretically predicted trend, but only when the dome has a radius outside 422 
the influence of the central injection dominated region. 423 
 424 
3.2.3 Ellipticity 425 
Buisson and Merle [2002, 2004] use Lagrangian strain ellipses to describe the character of the 426 
flow observed in their experiments. The overall geometry of a mature lava dome is found to be a 427 
balance between injection from the conduit (upward movement) and gravity. Buisson and Merle 428 
[2002] locate a central area with inward shear sandwiched by a region of outward shear due to a 429 
change in sign in the velocity gradient as a result of the competition between injection and 430 
gravity forces. They also observe that once a lateral (gravity-dominated) zone develops the shape 431 
of the central zone does not change further with time. Observing the stretching trajectories in 432 
their model thus reveals a triple junction which defines an isotropic point in the strain field. To 433 
deduce if our strain pattern matches that observed by Buisson and Merle’s [2002] we consider the 434 
axial ratio or measure of ellipticity, R, as given by equation 10. 435 
 436 
2
1
1
1
R                                                                                 (10) 437 
 438 
The principal strains 2,1 are given by equation 11 where 21  and corresponds to the attitude 439 
of flattening planes.  440 
 441 
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2/1
2
2
2,1
22
1 zzrr
rzzzrr ,             (11) 442 
 443 
and the angle  which is obtained from the well known formula 
zzrr
rz22tan  represents the 444 
angle between the r-axis and the larger (less compressive) principal strains. We use an Eulerian 445 
or spatial definition for our strain measure ij ; the so called Almansi strain tensor [Prager, 1961] 446 
representing the strain at a fixed spatial position rather that the strain at a material point. The 447 
calculation of the Almansi strain is described in the appendix. 448 
 449 
Because we are dealing with a highly deformable object in transit we consider the change in 450 
displacement over a fixed period of time. Figure 10 shows our computational model results for 451 
the calculated ellipticity at four points in the evolution of a lava dome with a viscosity of 2x10
9
Pa 452 
s and an extrusion rate of 1.75m
3
s
-1
. In Figure 10 the ellipticity for each image is calculated from 453 
the cumulative displacement over a time interval of 30 minutes. Ellipticity is shown in the figures 454 
as varying from 1.0 where the image is white to 1.2 where the image is black. The lava dome 455 
free-surface is represented as a smooth black line and the height of the volcano free-surface is at 456 
20 meters (Figure 1). Outside of the lava dome the background is shaded to allow a better visual 457 
representation of the ellipticity within the dome. An ellipticity of 1 indicates no stretching and the 458 
principal axes are equal, whilst values of R increasing past 1.0 represent increasing levels of 459 
ellipticity. The maximum levels of ellipticity are much higher than 1.2 in Figure 10, principally in 460 
the region directly above the conduit exit, but a cut-off value was used to better show the 461 
ellipticity away from the region near the conduit exit. In agreement to Buisson and Merle [2002] 462 
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we observe an isotropic point in the strain field which shows no movement during dome growth. 463 
Figure 10 shows the region where ellipticity remains equal to 1, to the right of the conduit and in 464 
between the lava dome free-surface and base, which is also observed to remain stationary with 465 
time once the central region has formed. Away from the central region shearing is predominantly 466 
at the base of the dome due to the boundary condition of no slip at the volcano surface. In reality 467 
the strain pattern will depend upon the rheology but we can consider this treatment as giving a 468 
first-order approximation to what would be observed in nature. 469 
 470 
3.3 1979 Lava Dome on St. Vincent Soufrière, W.I. 471 
The 1971 and 1979 eruptions of Soufrière St. Vincent (W.I.) resulted in lava domes forming in 472 
the volcano crater. During the 1979 eruption the crater floor was relatively dry and flat and the 473 
eruption was documented extensively during the extrusion process. This eruption provides an 474 
excellent opportunity to test our model against because the dome was extruded approximately 475 
axisymmetrically suggesting endogenous growth. Table 2 provides the available data on the 476 
radius, height and an estimate of the volume of the lava dome over time. The initial values for the 477 
lava dome height and radius were based upon visual observations and therefore are likely to be 478 
subject to large errors. Later measurements (from May 17
th
 onwards) measurements were made 479 
from the crater rim and are likely to be more accurate. Due to the method used to estimate the 480 
volume, such that the upper surface is assumed to be flat and the margins slope at 35 , the 481 
volume has an error associated with it of approximately 10%.  482 
 483 
Figure 11 plots the available data for the height and radius of the dome as a function of time. 484 
These data show that the extrusion rate appears to be relatively smooth, however in reality the 485 
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spreading was likely to be discontinuous. After May 12 1979 the maximum radius is an average 486 
of 7 values obtained from survey lines around the dome. The outer margins of the lava dome are 487 
also likely to be comprised of loose blocks, a talus, that have detached from the growing lava 488 
dome. We consider two techniques to model the growth of this lava dome, an increasing 489 
extrusion rate as described in Huppert et al. [1982] and a constant pressure-head model. 490 
 491 
3.3.1 Increasing Extrusion Rate 492 
The growth of the 1979 Soufrière St. Vincent lava dome is considered in a theoretical model 493 
developed by Huppert et al. [1982]. Following the same assumptions made in their analysis the 494 
beginning of the extrusion, when the lava was thought to behave as a freely flowing viscous fluid, 495 
is set to be 6
th
 May 1979. They also propose that the volume data set is best represented by the 496 
relationship for the first 90 days of growth: 497 
 498 
36.10248.0 tV                                                             (12) 499 
 500 
Huppert et al. [1982] develop an analytical solution for a lava dome growing due to a variable 501 
extrusion rate and show that the radial extent of the flow is given by equation 13, 502 
 503 
8
138
1
3
3
t
gS
crN ,                                                         (13) 504 
 505 
where St is the volume of newly introduced fluid, c  is a constant given in the paper by 506 
Huppert et al. [1982] and S and  are prescribed constants. We consider the growth of the lava 507 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 24 
dome using the parameters given by Huppert et al. [1982] and use a density of 2400kgm
-3
 for the 508 
lava. For the conduit we assume a radius of 50 meters and the time in the model equals zero when 509 
lava is extruded above the conduit exit. Figure 12 shows our model results for the height and 510 
radius obtained for differing viscosities against the observational data set as well as Huppert et 511 
al.’s [1982] best fit to the data for the radius, 58.0051.0 trH   512 
 513 
Huppert et al’s [1982] analytical model result suggests that the viscosity of the lava dome was 514 
2x10
11
Pa s. Our model results do not fit well to the observational data set or to the best fit 515 
relationship given for the lava dome radius as derived by Huppert et al. [1982]. Generally our 516 
model results produce a dome whose central height is too great and none of the radius results fit 517 
particularly well to the observational data set. Also, in reality the surface of the lava dome will 518 
cool and crystallize resulting in blocks of lava falling from the dome surface creating a talus of 519 
loose blocky material ringing the dome. This effect may result in a larger radius than theoretically 520 
modeled.  521 
 522 
Because Huppert et al.’s [1982] analytical model doesn’t consider uplift in the centre of the 523 
dome, due to the influx of lava, or an additional resisting force due to the talus it is likely that the 524 
effective viscosity for the lava dome has been over-estimated. The viscosity for the lava extruded 525 
during this eruption period from petrological estimates in Huppert et al.’s [1982] paper suggests 526 
a viscosity varying from approx 2.1x10
7
 to 8.1x10
10
 Pa s for temperatures between 1000 and 527 
700 C. The lava from the Soufrière St. Vincent volcano was thought to have been erupted with a 528 
temperature of approximately 1000 C ( 100 C). Naturally there will be some cooling at the 529 
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surface of the dome, but due to the low thermal conductivity of the lava this cooled layer will not 530 
penetrate far into the dome and will be on the order of meters [Huppert et al. 1982].  531 
 532 
Our modeled lava dome radius, using the approximation to the volume data set for the first 90 533 
days of growth given by Huppert et al. [1982], appears to progressively depart from the 534 
observational data set. This model would predict that dome growth should continue indefinitely. 535 
A more appropriate model may be to consider dome growth using a fixed pressure head from the 536 
conduit inlet and we consider this model next. 537 
 538 
3.3.2 Constant Pressure-Head Model 539 
During and after June 1979 the volume discharge rate for the lava dome was observed to decrease 540 
almost linearly with the height of the flow, consistent with the hypothesis of a pressure head 541 
driving the extrusion. As the pressure from below was increasingly balanced by the hydrostatic 542 
pressure of the lava itself, the lava would stop flowing from the conduit exit when the lava 543 
column reached hydrostatic pressure equilibrium. A decrease in driving pressure in the magma 544 
chamber could also result in a decrease in extrusion rate, although this is likely to occur over 545 
much longer time scales due to the size of the magma chamber with respect to the volume of 546 
extruded lava. Huppert et al. [1982] discuss that such a pressure-head could be responsible for 547 
the decreasing extrusion rate at later times in the evolution of the dome. Figure 13 shows the 548 
observed extrusion rate with height for the lava dome. The extrusion rate and day in the eruption 549 
are calculated considering adjacent values in Table 2. Following a height of 75.5 meters there is 550 
an approximately linear decrease in extrusion rate, shown in Figure 13 as a dashed linear line. 551 
The linear fit in Figure 13 ignores the initial data point at a height of approximately 50 meters. 552 
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This is because at the beginning of the eruption the lava would have had to force its way through 553 
a conduit blocked by ejecta, debris and cooled lava and this would explain the initially lower 554 
extrusion rate. Following this initial period the lava could be considered as flowing freely. 555 
 556 
Considering the extrusion rate as a function of time in Figure 14 we can extrapolate an initial 557 
extrusion rate when the lava was approximately behaving as a freely flowing fluid. Using the 558 
approximated volume at the first reliable data point, day 13.5 (i.e. 7.1x10
6
m
3
), and the gradient of 559 
the extrusion rate we calculate that the initial extrusion rate was approximately 10.5m
3
s
-1
 and 560 
began on day 5 (12
th
 May 1979). Using similar assumptions Huppert et al. [1982] reached the 561 
conclusion that the extrusion began to flow freely on 14
th
 May 1979, day 7. Figure 14 also 562 
suggests that the pressure-head model is only appropriate for the first 90 days of lava dome 563 
growth because after this time the extrusion rate would fall to zero. 564 
 565 
Our computational model applies a constant stress (pressure) boundary condition at the conduit 566 
inlet such that the initial extrusion rate is approximately 10.5m
3
s
-1 
at the height of the conduit 567 
exit. The conduit radius is 50 meters, the length of the conduit in the model is modeled to be 50 568 
meters and the modeled lava has a density of 2400kgm
-3
. Table 3 shows the values used for the 569 
different model runs and Figure 15 shows our results for the height above the conduit exit and 570 
radius against time along with the observational data set and Huppert et al.’s best fit relationship 571 
for the radius. Our model results for the height and radius of the lava dome extruded on Soufrière 572 
St. Vincent in 1979 show a closer agreement to the observational data points in the constant 573 
applied pressure head model (Figure 15) than for the fixed extrusion rate model considered by 574 
Huppert et al. [1982] (Figure 12). For example, the model radius results for a constant pressure 575 
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fit more closely to Huppert et al.’s best fit relationship than for the fixed extrusion rate model. 576 
Also the height of the dome reaches an asymptotic limit as suggested by the observational data 577 
set, which is achieved in the constant pressure model but not in the fixed extrusion rate model in 578 
which the height continues to increase.  579 
 580 
It is interesting to observe how the maximum radius evolves with time for the different 581 
viscosities used for the lava. The model run with the lowest viscosity, 10
10
 Pa s (Run1, Table 3), 582 
shows that for an applied pressure which produces an extrusion rate initially equal to 10.5m
3
s
-1
 at 583 
the conduit exit, the radius fits reasonably well to the observational data set. Considering the 584 
same viscosity, Run 1, in Figure 12 it is observed that the radius rapidly departs from the data set. 585 
The difference in the model results is due to the change in extrusion rate over time and Figure 16 586 
shows this change in extrusion rate against the available observational data.. Despite the radius in 587 
Run1 (Table 3, Figure 15) being a reasonably good fit to the observational data the modeled lava 588 
dome height does not fit at all to the observational data set and is too low. 589 
 590 
For the highest viscosity model run, 2x10
11
 Pa s (Run4, Table 3), which produces an extrusion 591 
rate initially equal to 10.5m
3
s
-1
 at the conduit exit, the modeled radius also fits well to the 592 
observational data set. In fact this model run result lies almost exactly on the best fit relationship 593 
for the lava radius derived by Huppert et al. [1982]. However the modeled height of the lava 594 
dome is observed to be too large when compared to the observational data set at later times in the 595 
history of the dome. The model runs with viscosities in between these values produce radii and 596 
height values between the values given by Run1 and Run4. 597 
 598 
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Our simple lava dome model does not capture the observational height or dome radius well and 599 
this is partly because there are other processes at work. As the lava dome on Soufrière St. Vincent 600 
grows we need to consider that the free-surface will cool, resulting in the detachment of blocks 601 
that will accumulate on the dome surface and flow margins creating a talus. As a consequence it 602 
is likely that in the initial stages of lava dome growth the height is lower than theoretically 603 
expected due to detachment of these loose rocks from the free surface. This same process may act 604 
to increase the observed radius due to the accretion of these loose blocks which have tumbled 605 
down the flanks towards the front of the flow. This means that initially the lateral extent of the 606 
lava dome will be larger than the massive continuous lava complex at the centre of the dome 607 
which is what we model here. 608 
 609 
At later times in the evolutionary history of the lava dome the radius may be less than 610 
theoretically predicted due to the resistance created by the loose avalanching rocks blocking the 611 
lateral flow of the dome. Such a talus could cause a substantial radial resistance which is not 612 
considered in our models but may act to slow the spreading rate. In addition to this the lateral 613 
spreading may also slow due to the crater floor not being smooth. The maximum height at the 614 
centre of the dome may become supported by the surrounding lava and therefore may be slightly 615 
higher than theoretically predicted due to spines and individual lava lobes thrust out at the top of 616 
the dome.  617 
 618 
With these processes in mind, our model result that best fits the observational data set is Run2 619 
with an effective viscosity of 5x10
10
 Pa s. This viscosity value is within the range suggested by 620 
Huppert et al. [1982] from petrological studies and suggests an effective temperature of 621 
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approximately 715 C. Since the lava was thought to be erupted with a temperature of 622 
approximately 1000 C ( 100 C) this result suggests that cooling at the free-surface, 623 
crystallization and viscosity gradients within the dome are very important to the evolution of the 624 
dome.  625 
 626 
None of the model runs for the extrusion rate against time (Figure 16) fit the observational data 627 
set very well. It is uncertain whether this is due to inaccuracy with the data set or with the 628 
simplicity of our model. Observational extrusion rates are hard to achieve, as shown by the 629 
scatter in the observational data set, due to the difficulty associated with obtaining accurate 630 
volumetric values [Wadge et al., 2005]. There is some discrepancy between Figures 13 and 14, 631 
such that extrapolating the linear fit for the height against extrusion rate of the Soufrière St. 632 
Vincent 1979 lava dome back to the beginning of the eruption, when the height is zero, would 633 
give a very large extrusion rate. Without a better data set it is difficult to extract the actual 634 
extrusion rates with time. Therefore it is difficult to relate the observational data for the extrusion 635 
rate to our modeled extrusion rate.  636 
 637 
3.4 October 1980 Lava Dome Growth on Mount St. Helens, USA 638 
The lava dome that grew during 18
th
 and 19
th
 October 1980 on Mount St. Helens, USA, is 639 
another suitable test case because it grew as a simple, near axisymmetric dome on a relatively 640 
unconstrained surface and its growth was measured albeit sparsely [Moore et al., 1981]. The lava 641 
dome was emplaced immediately following the blasting away of a pre-existing dome, excavating 642 
a shallow depression approximately 250 m in diameter and providing a near-horizontal plane for 643 
the dome to grow upon. Its initial stages of growth were observed three times and again after 644 
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about 19 hours when the lava supply had stopped when it was approximately 50 m in maximum 645 
height and 185 m in diameter [Moore et al., 1981]. Over the following week the dome spread and 646 
sagged considerably. Here we assume that lava supply stopped at 19 hours into the eruption when 647 
the fourth observation was made. 648 
 649 
As for the Soufrière St. Vincent lava dome model we assume an effective viscosity for the lava. 650 
According to Murase et al. [1984] the temperature of the extruded lava was probably somewhere 651 
between 900 and 1000 C giving a viscosity of between 10
8
Pa s and 10
14
Pa s for the minimum 652 
and maximum crystal volume fractions permissible respectively [Cashman, 1992; Murase et al. 653 
1984]. However, estimates of the viscosity of the dome from the observed flow of lobes by the U. 654 
S. Geological Survey suggest viscosities in the range of 10
9
 to 10
10
Pa s [Murase et al., 1981]. 655 
The total volume erupted in this dome building event was approximately 1.2 million cubic meters 656 
from estimates of the final dome shape. This gives a constant extrusion rate approximately equal 657 
to 17.5 m
3
s
-1
 over the 19 hour extrusion period, although it is not likely to have been constant 658 
during this time. The density of the dome is assumed to be 2400 kgm
-3
 [Murase et al. 1984] and 659 
the conduit radius is modeled to be 15 meters [Moore et al., 1981]. Table 4 lists the parameters 660 
used in our model runs. For this analysis we consider lava dome growth due to a constant 661 
extrusion rate as well as a pressure driven flow using appropriate boundary conditions at the 662 
conduit inlet. Figure 17 shows the results from our model runs along with the available 663 
observational data. 664 
 665 
Results for the model runs using a constant extrusion rate as the conduit inlet boundary condition 666 
show a large over-shoot in the initial height of the lava dome (Figure 17). This is due to the lava 667 
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being extruded relatively rapidly and the height increasing much more rapidly than the dome can 668 
spread laterally. Once lateral spreading has exceeded a certain radius (observed to be greater than 669 
twice the conduit radius) the maximum height of the lava dome begins to stabilize to a constant 670 
value. The radius and height are both observed to be too large for the constant extrusion rate 671 
models. This may be due to the free-surface not fitting the actual lava dome shape or the final 672 
volume being a poor estimate and thus the extrusion rate also being over-estimated. 673 
 674 
Results for the model runs using a constant applied pressure produce results closer to the 675 
observational data set. Run 4, having a viscosity of 2x10
9 
Pa s produces the best fit to the data set. 676 
The final maximum radius is slightly smaller than that observed at 19 hours after the eruption 677 
began, but this is to be expected if we consider that a talus was surrounding the dome. Our model 678 
results using a constant driving pressure as the inlet boundary condition show very little over-679 
shoot in the initial height of the lava dome. Only Run 6 shows a slight decrease from its initial 680 
height and this is due to the relatively large pressure and hence a maintained extrusion rate with 681 
time (Figure 18). The modeled maximum radius, in the constant driving pressure runs, departs 682 
from the constant applied extrusion rate model runs at later times. However a couple of the 683 
constant driving pressure and constant extrusion rate models show very similar radius values 684 
initially which only depart at later times due to the large difference in height of the dome in the 685 
central region. 686 
 687 
Murase et al. [1984] apply Huppert et al.’s [1982] analytical model for the height and radius of 688 
the lava dome extruded on Mount St. Helens in late 1981 to calculate an effective viscosity. 689 
Although we have considered the 1980 lava dome growth, the rheology of the lava was relatively 690 
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consistent during the dome building phase and would not have changed substantially. Huppert et 691 
al.’s [1982] analytical model suggests that the viscosity of the lava was 5.1x1015 Pa s, while 692 
Murase et al.’s [1984] petrological analysis of dome rock suggest a viscosity of between 108 Pa s 693 
and 10
14 
Pa and observations of dome lobes by the U. S. Geological Survey suggest viscosities in 694 
the range of 10
9
 to 10
10
Pa s [Murase et al., 1981]. These values are closer to our computational 695 
model result which suggests an effective viscosity for the entire lava dome of 2x10
9 
Pa s. 696 
 697 
4. Conclusions 698 
The evolution of a lava dome is governed predominantly by its effusion rate and rheology. There 699 
are a large number of parameters that influence the rheology of the lava with the most influential 700 
parameters being: temperature, melt composition, pressure, applied stress, volatile content and 701 
composition, bubble fraction and size as well as crystal content. It is unrealistic to model the 702 
growth of a lava dome using a constant effective viscosity but our treatment of lava dome growth 703 
has been deliberately simplified to show the capability of the level-set method. The level-set 704 
method has been shown to be a technique robust enough to model the free-surface of a growing 705 
lava dome. This technique is not only computationally light but does not require an initial above-706 
ground free-surface from which the dome can be grown. Hale and Wadge [2003] observed that 707 
assuming an initial lava free-surface shape can influence the final shape and evolution of the 708 
dome, whereas this technique avoids the complication of an initial condition. From this 709 
simplified treatment of endogenous lava dome growth it will be possible to include empirical 710 
rheological models which can advance the model and include history-dependent effects and latent 711 
heat release. This will be achieved by introducing an elastic membrane to capture the solid 712 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 33 
carapace on a lava flow. The level-set method can also consider multiple surfaces and 713 
discontinuities which can be used to consider exogenous lava dome growth. 714 
 715 
Our models have shown that the computation of a lava dome free-surface and internal flow 716 
properties requires consideration of lava injection forces as well as the influence of gravity. 717 
Therefore an analytical study is not adequate to capture the physics. In addition to this, models 718 
that consider a constant pressure head show that the extrusion rate automatically decreases as per 719 
the observational data. However additional processes such as a resisting force due to talus and 720 
yield strength in the upper surface of the dome need to be considered to capture the evolution of 721 
the dome more accurately. 722 
 723 
 724 
Appendix: 725 
 726 
Governing Equations 727 
The constitutive equation for a Newtonian, viscous material reads: 728 
 729 
ijij D2                                                                      (A1) 730 
 731 
where  732 
 733 
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kkijijij
kkijijij
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1
                                                (A2) 734 
 735 
where ij  is the stress,  the viscosity, ijD the stretching, ij is the Kronecker delta and P the 736 
pressure. We assume kkt KDP, ; K is the bulk modulus of the lava or air respectively and t,)(  737 
means partial differentiation with respect to time. The stress-equilibrium equations in axi-738 
symmetrical coordinates reads 739 
 740 
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Insertion of A1, A2 yields: 743 
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 746 
Where 1 corresponds to lava and 2  to the embedding medium. In A4 the differential 747 
constitutive relationship for the pressure has been replaced by 748 
 749 
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 751 
where Q is either given or, as in the case of the constant pressure head boundary condition,  752 
defined as : lavaPaQ /
03 . Insertion into A4 and dropping tildes and assuming 0rf and 753 
gf z  gives, with respect to the dimensionless coordinates: 754 
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 757 
 758 
Escript Formulation 759 
The modeling library escript has been developed as a module extension of the scripting language 760 
Python to facilitate the rapid development of 3-D parallel simulations on the Altix 3700 [Davies 761 
et al, 2004]. The finite element kernel library, Finley, has been specifically designed for solving 762 
large-scale problems on ccNUMA architectures and has been incorporated as a differential 763 
equation solver into escript. In escript Python scripts orchestrate numerical algorithms which are 764 
implicitly parallelised in escript module calls, without low-level explicit threading 765 
implementation by the escript user. 766 
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 767 
The escript Python module provides an environment to solve initial boundary value problems 768 
(BVPs) problems through its core finite element library Finley. A steady, linear second order 769 
BVP for an unknown function u is processed by Finley in the following templated system of 770 
PDEs (expressed in tensorial notation): 771 
 772 
ijijkiklkikljkijkjlkijkl YXvDvCvBvA ,,,,, )()( .                                                             (A7) 773 
 774 
where the Einstein summation convention is used. Finley accepts a system of natural boundary 775 
conditions given by: 776 
iijjkikkijklkijklj yXnvdvBvAn )( ,   on  
N
i                               (A8) 777 
 778 
where n denotes the outer normal field of the domain and A, B and X are as for (1). d and y are 779 
coefficients defined on the boundary. The Dirichlet boundary condition is also accepted: 780 
 781 
ii ru  on  
D
i                                                       (A9) 782 
 783 
where ri is a function defined on the boundary. Finley computes a discretisation of (1) from the 784 
variational formulation. The variational problem is discretised using isoparametric finite elements 785 
on unstructured meshes. Available elements shapes are line, triangle, quadrilateral, tetrahedron 786 
and hexahedron of orders one and two. 787 
 788 
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With both the escript and Finley technologies, complex models and very large simulations can be 789 
rapidly scripted and run easily. The code is fully portable, but optimized at this stage for the local 790 
SGI ALTIX super cluster. 791 
 792 
Putting A6 in the shape of the PDE 1 yields: 793 
 794 
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 801 
Where the indexes are 0 for the r coordinates and 1 for the z coordinates. 802 
 803 
 804 
Almansi Strain Tensor 805 
The cartesian components of the Almansi strain tensor [Prager, 1961] are defined as: 806 
 807 
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,,,, jkikijjiij uuuu  808 
We write out the rr, zz and rz components for easy reference: 809 
 810 
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 812 
The displacements ),( tui x are obtained as follows: 813 
 814 
tvtuvuu ttk
t
ki
tt
k
t
i
tt
i , +upwind terms [Zienkiewicz and Taylor, 2000]. 815 
816 
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Figure captions 873 
Figure 1: The axisymmetric domain used in our computational model with the free-surface for 874 
two time-steps t=0 and t=tn shown as a dashed line. The curved arrow at the top left of each 875 
image represents the rotation axis about r=0. This domain set-up models the flow of lava in the 876 
upper conduit and free-surface of the volcano. The shaded region at the bottom-right of the 877 
domain corresponds to the surface of the volcano and has the boundary condition of zero velocity 878 
and a height of h. The radius of the conduit is a, and the lava inlet boundary condition in the 879 
model is applied at the conduit inlet. 880 
 881 
Figure 2: Five isosurfaces of  at distances of -2m, -1m, 0m, 1m and 2m around the zero level 882 
set value after four hundreds time steps. The model domain contains 60 by 60 order two 883 
elements, i.e. 11041 nodes, and the dimension of the domain is 60m x 60m. 884 
 885 
Figure 3: Modeled volume (continuous line) against theoretical volume (dashed line) for one run 886 
of lava dome growth. Due to the slight compressibility of the modeled lava there is a 3% volume 887 
loss. 888 
 889 
Figure 4: Normalised radius against time for our computational model, Runs 1 to 3 with varying 890 
extrusion rate. The parameters used for the different runs are given in Table 1. The analytical 891 
model result of Huppert et al. [1982] is shown as a dashed line. 892 
 893 
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Figure 5: Normalised radius against time for our computational model, Runs 4 to 6 with varying 894 
viscosity. The parameters used for the different runs are given in Table 1. The analytical model 895 
result of Huppert et al. [1982] is shown as a dashed line. 896 
 897 
Figure 6: A cartoon of lava dome split into two flow domains; injection and gravity driven, and 898 
gravity-only driven flow.  899 
 900 
Figure 7: Results from our computational model for the evolution of a lava dome free surface 901 
with a viscosity of 2x10
9 
Pa s. The base of the volcano is at 20 metres and the conduit radius is 15 902 
metres. The horizontal line in both figures at z=15 metres is the initial height of the level-set. In 903 
figure a) the extrusion rate is 17.5m
3
s
-1
, whilst in figure b) it is 0.175m
3
s
-1
. The time-difference 904 
between each surface corresponds to approximately 100 minutes and 52 hours, for figures a and b 905 
respectively. The axis of rotation is at r=0.This figure shows how the two domains, injection plus 906 
gravity and gravity-only dominated, evolve.  907 
 908 
Figure 8: Typical lava dome maximum radius and height against time obtained from one of our 909 
computational model runs (Run 4, Table 1). The maximum radius is given by the solid black line 910 
and the left axes, whilst the maximum height is given by the solid grey line and the right axes. 911 
 912 
Figure 9: Normalised height against time for three model runs (Run 2, Run 4, Run6; Table 1) 913 
with the key for each run shown in the figure. The short-dashed line is the theoretically predicted 914 
height of the dome according to the Huppert et al. [1982] model. The open circles shows the 915 
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results from one of Buisson and Merle’s [2002] experiments in which they describe the 916 
maximum height of the dome as asymptotic to an upper value. 917 
 918 
Figure 10: Measure of ellipticity for a lava dome with a viscosity of 2x10
9
Pa s and an extrusion 919 
rate of 1.75m
3
s
-1
. Figures a to d show a series of times shots during the growth of the lava dome 920 
with ellipticity calculated from the cumulative displacements over a time interval of 30 minutes 921 
in each figure. The value of ellipticity is shown from 1 (white) to 1.2 (black). The horizontal axis 922 
corresponds to r and the vertical axis to z with the black line showing the outline of the lava 923 
dome. The volcano surface is at a height of 20 meters and the conduit radius is 15 meters with the 924 
domain rotated about r=0  925 
 926 
Figure 11: Height at the centre of the Soufrière St. Vincent 1979 lava dome above the crater floor 927 
and average maximum radius against time. 928 
 929 
Figure 12: Our computational model results for the growth of the 1979 Soufrière St. Vincent lava 930 
dome using Huppert et al’s [1982] extrusion rate function against time. Triangles and circles in 931 
the figure represent the observational data for the radius and height respectively. The continuous 932 
lines for our model results correspond to the maximum radius values, whilst the shaded lines are 933 
for the height. The dashed line shows the best-fit relationship derived by Huppert et al. [1982] for 934 
the radius of the lava dome in the first 90 days of growth. 935 
 936 
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Figure 13: Extrusion rate against height for the Soufrière St. Vincent 1979 lava dome extracted 937 
from the volume values given in Table 2. The dashed line shows the linear trend for the extrusion 938 
rate to decrease with increasing dome height. 939 
 940 
Figure 14: Extrusion rate against day in the eruption of the Soufrière St. Vincent 1979 lava dome 941 
extracted from the volume values given in Table 2. The dashed line shows the linear trend for the 942 
extrusion rate to decrease with time. 943 
 944 
Figure 15: Our computational model results for the growth of the 1979 Soufrière St. Vincent lava 945 
dome using a constant pressure-head (stress) applied at the inlet boundary against time. Triangles 946 
and circles in the figure represent the observational data for the radius and height respectively. 947 
The continuous lines for our model results correspond to the maximum radius values, whilst the 948 
shaded lines are for the height. The dashed line shows the best-fit relationship derived by 949 
Huppert et al. [1982] for the radius of the lava dome in the first 90 days of growth. 950 
 951 
Figure 16: Modeled extrusion rate for the model runs shown in Figure 15, for the growth of the 952 
1979 Soufrière St. Vincent lava dome using a constant pressure-head at the inlet boundary, 953 
against time. The extrusion rate against day in the eruption extracted from the volume values 954 
given in Table 2 along with a 10% uncertainly are shown as triangles. 955 
 956 
Figure 17: Our computational model results (parameters as given in Table 4) for the growth of 957 
the October 1980 Mount St. Helens lava dome against time. These model runs consider either a 958 
constant pressure-head (stress) or a fixed extrusion rate applied at the inlet boundary. Squares and 959 
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circles in the figure represent the observational data for the radius and height respectively. The 960 
continuous lines for our model results correspond to the maximum radius values, whilst the 961 
shaded lines are for the height. The dashed line shows the best-fit relationship derived by 962 
Huppert et al. [1982] for the radius of the lava dome in the first 90 days of growth. 963 
 964 
Figure 18: Modeled extrusion rate for the model runs shown in Figure 17, for the growth of the 965 
October 1980 Mount St. Helens lava dome (parameters as given in Table 4). 966 
967 
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Tables 968 
Table 1: List of parameters used in our model runs for the comparison against the analytical 969 
model result of Huppert et al. [1982]. 970 
Model run Extrusion rate 
(m
3
s
-1
) 
Lava viscosity 
(Pa s) 
1 0.0625 10
10
 
2 0.125 10
10
 
3 0.25 10
10
 
4 0.125 2x10
10
 
5 0.125 5x10
9
 
6 0.125 5x10
10
 
 971 
Table 2: Observational data for the lava dome extruded on Soufrière St. Vincent 1979. 972 
 973 
Table 3: Parameters used in our model runs for the growth of the lava dome extruded on St. 974 
Vincent Soufrière 1979 with a constant pressure head. 975 
Model run Stress applied Pa (50 
meters below conduit exit). 
Lava viscosity 
(Pa s) 
1 2.61x10
6
 10
10
 
2 9.10x10
6
 5x10
10
 
3 17.00x10
6
 10
11
 
4 33.0x10
6
 2x10
11
 
 976 
Table 4: List of parameters used in our model runs for the growth of the lava dome extruded on 977 
Mount St. Helens, USA, October 1980. 978 
Run Inlet boundary condition Lava viscosity (Pa s) 
1 Q = 17.5 m
3
s
-1
 2x10
9
 
2 Q = 17.5 m
3
s
-1
 4x10
9
 
Date Day Radius (m) Height (m) Volume (m
3
) 
07.05.79 1 30 30 8.5 x 10
4
 
17.05.79 8 150 69 2.3 x 10
6
 
25.05.79 19 275 82 11.9 x 10
6
 
18.06.79 43 363 100 26.2 x 10
6
 
02.07.79 57 378 117 31.2 x 10
6
 
10.07.79 65 394 117 35.0 x 10
6
 
14.07.79 69 394 120 35.4 x 10
6
 
04.08.79 90 410 123 39.5 x 10
6
 
14.08.79 100 413 131 41.4 x 10
6
 
21.08.79 107 415 131 41.9 x 10
6
 
01.09.79 118 418 132 42.7 x 10
6
 
04.09.79 121 420 132 43.3 x 10
6
 
07.09.79 124 421 132 43.6 x 10
6
 
15.09.79 132 424 132 44.6 x 10
6
 
23.09.79 140 429 133 46.1 x 10
6
 
02.10.79 149 434 133 47.3 x 10
6
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3 zz = 15.0x10
6
 10
9
 
4 zz = 20.0x10
6
 2x10
9
 
5 zz = 25.0x10
6
 2x10
9
 
6 zz = 30.0x10
6
 2x10
9
 
 979 
980 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 48 
Figures 981 
1 982 
 983 
 984 
2 985 
 986 
 987 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 49 
3 988 
0
50000
100000
150000
200000
250000
0.00E+00 5.00E+05 1.00E+06 1.50E+06 2.00E+06
time (seconds)
V
o
lu
m
e
 (
c
u
b
ic
 m
e
tr
e
s
)
 989 
 990 
 991 
4 992 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 50 
100
1000
10000
1.00E+05 1.00E+06 1.00E+07
time (seconds)
r/
(g
Q
3
/3
v
)1
/8
Run1
Run2
Run3
Huppert et al.
 993 
 994 
5 995 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 51 
100
1000
10000
1.00E+05 1.00E+06 1.00E+07
time (seconds)
r/
(g
Q
3
/3
v
)1
/8
Run4 
Run5
Run6
Huppert et al.
 996 
 997 
6 998 
 999 
 1000 
7a 1001 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 52 
 1002 
7b 1003 
 1004 
1005 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 53 
8 1006 
0
20
40
60
80
100
120
0 5 10 15 20 25 30 35 40
Time (days)
M
a
x
im
u
m
 r
a
d
iu
s
 (
m
e
tr
e
s
) 
  
 
-10
-5
0
5
10
15
20
25
30
35
40
M
a
x
im
u
m
 h
e
ig
h
t 
(m
e
tr
e
s
) 
  
  
 1007 
 1008 
9 1009 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 54 
0.1
1
10
1.00E+04 1.00E+05 1.00E+06 1.00E+07
Time (seconds)
h
/h
*
Huppert et al.
Run 2
Run 4
Run 5
Buisson and Merle
 1010 
 1011 
10a to d 1012 
 1013 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 55 
 1014 
 1015 
 1016 
 1017 
11 1018 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 56 
0
50
100
150
200
250
300
350
400
450
500
1/05/1979 29/05/1979 26/06/1979 24/07/1979 21/08/1979 18/09/1979 16/10/1979
Date
M
a
x
im
u
m
 d
is
p
a
c
e
m
e
n
t 
(m
e
tr
e
s
)
Radius (m)
Height (m)
 1019 
 1020 
12 1021 
0
50
100
150
200
250
300
350
400
450
500
0 10 20 30 40 50 60 70 80 90
Time (days)
H
e
ig
h
t 
a
n
d
 r
a
d
iu
s
 (
m
e
tr
e
s
) Radius
Height
Huppert et al. radius
1.00E+10
1.00E+10
5.00E+10
5.00E+10
1.00E+11
1.00E+11
2.00E+11
2.00E+11
 1022 
13 1023 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 57 
0
2
4
6
8
10
12
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
Height of lava dome (metres)
E
x
tr
u
s
io
n
 r
a
te
 (
c
u
b
ic
 m
e
tr
e
s
/s
e
c
)
Extrusion rate
Extrusion rate (ignored point)
 1024 
14 1025 
0
2
4
6
8
10
12
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
Day of eruption
E
x
tr
u
s
io
n
 r
a
te
 (
c
u
b
ic
 m
e
tr
e
s
/s
e
c
)
Extrusion rate
Extrusion rate (ignored point)
 1026 
 1027 
 1028 
 1029 
 1030 
15 1031 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 58 
 1032 
0
50
100
150
200
250
300
350
400
450
500
0 10 20 30 40 50 60 70 80 90
Time (days)
H
e
ig
h
t 
a
n
d
 r
a
d
iu
s
 (
m
e
tr
e
s
)
Radius (m)
Height (m)
Run 1
Run 1
Run 2
Run 2
Run 3
Run 3
Run 4
Run 4
Huppert et al.
 1033 
 1034 
16 1035 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 59 
0
2
4
6
8
10
12
0 10 20 30 40 50 60 70 80 90
Time (days)
E
x
tr
u
s
io
n
 r
a
te
 (
c
u
b
ic
 m
e
tr
e
s
/s
e
c
)
Observational data
Run 1
Run 2
Run 3
Run 4
 1036 
17 1037 
 1038 
JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 112, B03213, doi:10.1029/2006JB004445, 2007 
 
 60 
18 1039 
 1040 
